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Abstract 
In this paper we consider several issues of an innovative engineering concept enabling through-life assessment of resistance 
to ductile tearing in thin-sheet metallic materials. Namely: determination of the residual component ψ(х)n of the Crack Tip 
Opening Angle (СТОА-ψ); assessment of its main characteristic values ψni and ψn; evaluation of their sensitivity to varying
the strain biaxiality ratio and boundary restraints. The objective is to show that the hydraulic bulging is a very convenient 
way for the displacement-based quantification of the material resistance to centre crack extension under biaxial stretching.  
© 2014 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of the Norwegian University of Science and Technology (NTNU), Department of 
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1. Introduction 
The nucleation and propagation of cracks in thin-walled components of ductile metals is often accompanied by 
the development of uncontained flow fields under uniaxial and biaxial tension. It is of scientific and practical 
interest to establish links between the parameters of crack growth resistance in sheet metals under uniaxial and 
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biaxial loading. Presently, there is a well-known lack of consensus regarding the magnitude and direction of the 
differences between biaxial fracture behavior and uniaxial tension. 
To clarify the causes of the difference between the model descriptions and measurements, an innovative 
engineering concept enabling through-life assessment of the plane stress tearing in sheet metals was forwarded by 
Naumenko and Volkov (2003); Naumenko and Atkins (2006); Naumenko et al. (2008); Naumenko (2009); 
Naumenko and Limansky (2009). The term through-life assessment means that all measures of tear resistance can be 
determined either continuously (from the nucleation of a tear crack up to complete separation) or in a point-by-point 
manner for test events of practical importance. The overall objective is to formulate a Transferring Law (TL), i.e., a 
common function for experimental data on quasi-static crack growth in simple specimens of relatively small in-
plane size and in large-scale components of complicated geometry; both made from the same sheet material. In this 
work, the focus is mainly on the profiles of a fully-developed centre crack in laboratory-sized specimens containing 
original stress raisers of different length and subjected to uniaxial or biaxial loading.  
2. Experiments 
Crack extension tests in uniaxial tension were conducted on MM(T) specimens (Fig. 1a) with a square Problem 
Domain (PD) whose horizontal edges were nearly free to move along the 0x axis. The rigidly clamped horizontal 
edges of MDR(T) specimens of width 2W0 =120 mm with different shape ratio H0/W0 (Fig. 1b) were moving at a 
sufficiently small rate of 0.001 mm/s, i.e., under a quasi-fixed grip condition. In parallel, biaxial stretching tests of 
diaphragms bulged through dies (Fig. 2) were performed using the hydraulic bulging equipment available at the 
Reading University (UK). Specimens of all types were fabricated from aircraft-skin D16AT aluminum alloy 1.4–1.5 
mm thick sheet in as-received condition. Its chemical composition and mechanical properties are close to those of 
AL 2024-T3. All original stress raisers were made in such a way as to assure crack growth in the rolling direction of 
the sheet. The mechanical characteristics of the D16AT alloy determined in tensile tests along and across the rolling 
direction are as follows: the elastic modulus E = 67.7 and 66.8 GPa; Poisson’s ratio ν = 0.32; the 0.2% offset yield 
strength σ0.2 = 338 and 300MPa; and the ultimate tensile strength σUTS = 467 and 446 MPa, respectively. 
When developing the concept of through-life fracture assessment, we realized from the outset that a sufficiently 
general and practical engineering procedure should link variations in the whole crack geometry with those in the 
geometry of the outer boundaries of the specimen. This means that the TL we are searching for should mostly be 
based on the analysis of macroscopic test records of load vs. displacement vs. crack extension. Therefore, special 
attention is given to the displacements of the extreme points on the inner (m, n) and on the outer (M, N) boundaries 
(Figs 1 and 2) of the specimen PD. The displacements v(m), u(n), w(m), taken together with the displacements v(M), 
u(N), serve in our displacements-based approach as the main geometric variables needed to link changes in the 
geometry of a growing crack and in the geometry of the outer PD boundary. 
 
(a) 
 
(b) 
 
(c) 
 
Fig. 1. (a) The MM(T) and (b) MDR(T) specimens containing, respectively, the initial stress raisers with a definite geometry of their tips, and (c) 
one-quarter of the MDR(T) specimen in its initial and broken-down states (the dimensions are indicated in millimetres). 
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Fig. 2. Schematic of a thin elliptical plate clamped along its outer PD boundary and subjected to biaxial stretching. Hydraulic pressure p causes 
stable cracking from the tips of two sharp notches emanated from a through circular hole of diameter 2ro =2 mm. 
To develop R-curves corresponding to crack growth in MM(T) specimens and in biaxially stretched diaphragms, 
we usually assigned more than ten steps (data points) for each test condition (see Fig. 3b). Once the crack has 
stabilized within seconds after stopping the loading, a close-up photograph of the crack-tip profile was taken. The 
measurements were repeated for the specimens containing an arrested crack after they had been completely 
unloaded. It should be emphasized that in all specimens under consideration tearing occurred by cracking in a plane 
inclined at 45° to the specimen surfaces. The MM(T) specimens were tested with guide plates lightly clamped 
against the out-of-plane displacement (buckling). The diagrams in Figs 4 were obtained on specimens tested without 
anti-buckling guide plates. As can be seen from Fig. 4, the decrease in the PD height 2H0 accompanied by the 
decrease in the stress raiser length 2c0 ensures the fully controllable discontinuity of the crack extension process. 
 
(a) 
 
(b) 
 
Fig. 3. Test records based on measurements of (a) the out-of-plane displacements at the diaphragms pole and (b) the crack length for diaphragms 
with original notch 2c0 =18 mm. Here, parameter λ has the conventional meaning of the strain biaxiality ratio at the centre point of a PD (x = y = 0 
in Figs 1 and 2) of a plate without an original stress raiser. 
(a) 
 
(b) 
 
Fig. 4. Comparison of (a) test machine records for MDR(T) specimens of width 2W0 = 120 mm and different height 2H0 with the simplest stress 
raiser (2d0 = 0) and (b) test machine records for such specimens with a square PD containing the initial stress raisers of different length 2c0. 
637 V.P. Naumenko et al. /  Procedia Materials Science  3 ( 2014 )  634 – 639 
3. Results and discussion 
3.1. Reference crack profiles 
Generally, crack extension can be seen as an interplay of six through-life fracture curves. In this study we mainly 
consider curves describing the geometry of a fully-developed crack in broken-down specimens. This is one (lower-
right) branch out of the four branches of the crack profile (Figs. 5a and 6a). It is a reference crack profile treated as a 
governing relationship (n-curve). Its first derivative ψ(х)n with respect to the distance x (Fig. 1) is considered as a 
parameter (Figs. 5b and 6b) associated with continuous (virtual) crack growth and determined by 
( ) 2 [ ( ) ] /n nx d v x dx\                                                                                                                                (1) 
The virtual crack extension is modeled by moving the upper half of the broken-down specimen against its lower 
counterpart as a rigid body along the 0y axis in Fig. 1. We consider that the regime of Steady State Tearing (SST) is 
attained when the increment Δv(x)n of the virtual displacement is proportional (or nearly proportional) to the 
increment Δcn of the virtual crack extension (horizontal lines in Fig. 5b and 6b). 
 
(a) 
 
  (b) 
 
Fig. 5. (a) Through-life fracture curves expressed in terms of the virtual displacements v(x)n for the set of MDR(T) specimens with different stress 
raiser length and (b) corresponding residual angles ψ(x)n (the horizontal line ψnMM(T) relates to tests of the MM(T) specimens). 
(a) 
 
   (b) 
 
Fig. 6. (a) Through-life fracture curves expressed in terms of the virtual displacements v(x)n for three circular diaphragms containing the original 
stress raiser of different length and (b) corresponding residual angles ψ(x)n (the horizontal line ψnMM(T) is taken from Fig. 5b).  
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3.2. Effects of the boundary restraints 
The lack of restraints imposed by a loading fixture on the deformation of any specimen is seldom if ever in 
occurrence. In our tests we used typical combinations of the PD geometry and grips. The exact stress and 
displacement conditions along the boundaries between the PDs and the loading fixtures in question are nonuniform 
and unknown. Generally, both stress conditions and displacement conditions are present. Under mixed boundary 
conditions the applied stress is a function not only of position, but also of the crack aspect ratio c/W0 and shape ratio 
H0 / W0. Mixed boundary conditions are part way towards the general compliant boundary conditions. 
As can be seen from Figs. 5 and 6, the crack profile parameters are constraint-dependent quantities affected 
substantially by the boundary restraints. The angles ψ(х)n have distinct plateau values ψn related to the SST crack 
growth. When the tips of a slant crack approach the outer boundaries, the angle ψ(х)n tends to different levels for 
specimens with stress-free and clamped boundaries. An unexpected result is a significant drop in v(x)n values for the 
circular diaphragm containing the shortest stress raiser of lengths 2c0 = 6 mm (Fig. 6a). It was earlier shown by 
O’Dowd et al. (1999) that the short centre cracks restrained by biaxial loading in tension, unlike the long ones, 
absorb plastic deformation without sliding along diagonal shear bands. Note that the long cracks in diaphragms, 
contrary to such cracks in the MM(T) specimens, also absorb plastic deformation without sliding along the shear 
bands. It appears (Fig. 6b) that the nearness of the crack tips to the clamped boundaries introduces constraints on 
slanted tearing, which are disregarded by the current fracture analyses. 
3.3. Characteristics of crack extension resistance  
Here, we consider only two distinctly different test events, namely, the nucleation of tear cracks (i0 in Figs. 4-6) 
and attainment of the SST crack growth stage (point c in Fig. 6a). For the material in question the parameters of 
resistance to crack nucleation (ψni = 2.56o) and to SST (ψn = 1.1o) were established earlier (see the companion paper 
by Naumenko (2014)). These angles are treated as intrinsic characteristics of the material, i.e., properties 
corresponding to the extreme conditions of the transverse plane stress when the strain biaxiality ratio λ is close to 
zero. Under low-constraint (λ < 0) and high-constraint (λ > 0) conditions the SST stage was attained, respectively, at 
substantially higher (Fig. 5b) and lower (Fig. 6b) values of the angle ψn. As can be seen from Fig. 5b, the increase in 
the distance c0 between the tip of the original stress raiser and the highly restrained plane (x = 0 in Fig. 1) is 
accompanied by the increase of resistance to SST crack growth. 
To be in line with the standard test method E2472-06 (2007), the fracture instability condition is formulated 
solely in terms of the CTOA-ψ parameter. It has a great deal of physical significance because the geometry of the 
crack-tip dominated region results from direct measurements. We assume that the critical state of an extending tear 
crack is reached at the instant c when its tips enter the SST range of crack growth. This fracture event corresponds to 
simultaneous attainment of two conditions: ψ(x)n = ψn  and ψ(x)du = ψd. Here ψ(x)n and ψ(x)du are, respectively, the 
residual and the active components of the CTOA-ψ; ψn and ψd are their characteristic values. 
The angle űt shown in Fig. 7 represents the multiplicity of near crack-tip displacements 2v(x,c) that were 
measured on a close-up photography. This parameter resembles the CTOA-ψc, its standard counterpart, which has 
been determined for the test material as ψс = 3 ± 0.86o in accordance with the method E2472-06 (2007). The sum of 
the residual and active components of the CTOA-űt is nearly independent of the crack length in the case of omni 
directional stretching with λ = 1 (Fig. 7b). However, when tensile load is applied to the PD with λ < 0 and only 
slightly constrained horizontal boundaries (Fig. 7a) the values of angle űt decrease systematically as the crack tips 
approach the free-to-move boundaries of the MM(T) specimen (x = ±W in Fig. 1a). This effect of boundary 
restraints on the displacement-based parameter of fracture resistance is partly in accord with the effects expressed in 
terms of the energy-based parameter (see O’Dowd et al. (1999)). The case in point is the values of J-normalization 
functions for rectangular plates with free-to-move boundaries and for similar plates with constrained boundaries; 
both subjected to uniaxial and biaxial tension. 
Although this study is still in progress, the experimental results appear to be quite significant to make the 
following conclusions. It seems likely that the CTOA- ψc concept needs to be modified with the aim of developing a 
simpler and more informative approach to the characterization of plane stress tearing. Our studies demonstrate that 
the universal law governing SST crack growth has not been found yet. 
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(a) 
 
      (b) 
 
Fig. 7. Comparison of the upper halves of the near crack tip profiles for (a) the MM(T) specimen with the original notch 2c0 = 30 mm and (b) the 
diaphragm with the original stress raiser of length 2c0 = 12 mm which has been stretched at the strain biaxiality ratio λ = 1. 
4. Conclusions 
Eventually, the following conclusions can be made: 
At the present time, it is not possible to foresee the combined effects of the whole variety of PD shapes and sizes, 
boundary restraints, and loading conditions on the resistance to nucleation of a slant crack and its step-wise 
propagation in thin sheets of a ductile metallic material; 
The resistance to SST crack extension, as measured by the angle ψn, contrary to the fracture initiation resistance 
ψni, is very sensitive to the variation in the level of the global in-plane constraint that is dependent on the outer 
boundary restraints and the strain biaxiality ratio λ; 
It is shown that the resistance to SST crack growth under biaxial stretching (λ > 0) might be substantially lower 
then that for specimens in which a crack is growing under the conditions of transverse plane strain (λ = 0); 
There are good reasons to believe that our programme of extensive experimental studies of plane stress 
tearing can lead to general adoption of the hydraulic bulging method for the characterization of the resistance to 
crack extension in sheet metals from test data obtained directly in biaxial tensile tests. 
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